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Abstract 

We consider the stationary metrics that have both the black hole 
and the ergoregion. The class of such metric contains, in particular, 
the Kerr metric. We study the Cauchy problem with highly oscilla¬ 
tory initial data supported in a neighborhood inside the ergoregion 
with some initial energy Eq. We prove that when the time variable 
xq increases this solution splits into two parts: one with the negative 
energy —Ei ending at the event horizon in a finite time, and the sec¬ 
ond part, with the energy E 2 = Eq + Ei > Eq, escaping, under some 
conditions, to the inhnity when xq —>■ -|-oo. Thus we get the superra¬ 
diance phenomenon. In the case of the Kerr metric the superradiance 
phenomenon is “short-lived”, since both the solutions with positive 
and negative energies cross the outer event horizon in a finite time 
(modulo 0(p) where A: is a large parameter. We show that these 
solutions end on the singularity ring in a finite time. We study also 
the case of naked singularity. 
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1 Introduction. 

Consider the Lorentzian metric in x M of the form 


3 


3 



k=l 


k=l 


where K{x) > 0, = 1- 

The ergoregion for this metric is the region where K > 1. 

Let {p,Lp,z) be the cylindrical coordinates in i.e. Xi = p cos ip, X 2 = 
psimp, X 3 = z, let Xq be the time variable. 

Write the inverse to the metric tensor in the cylindrical coordinates. Then 
the Hamiltonian H{p, ip, z, ^ 0 , ^p, ^z) has the form 



( 1 . 2 ) 


where i= (bf,b^,b,), 



( 1 . 3 ) 


A particular case of the metric fll.ip is the Kerr metric in Kerr-Schield coor¬ 
dinates (cf. [14], [15]): 


2 mr^ ^ rp ^ ap ^ z 



where r{p, z) is dehned by the relation 


( 1 . 5 ) 



Note that the ergosphere (outer ergosphere) for the Kerr metric is 



and the event horizons (outer and inner event horizons) are 


( 1 . 6 ) 


r± = m ± V— a^, 0 < a < m. 
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Substituting r = in fll.51) we see that the equation of the event horizon is 
an ellipse in (p, z) coordinates. 

Note that we do not consider the full Kerr spacetime but only a part 
restricted to x M (cf. [6], [15]). 

Another example of the metric of the form fll.ip is the Gordon’s metric (cf. 
[8], [9]) describing the propagation of light in a moving dielectric medium: 

3 3 2 

(1.7) dxl — + (n^ ~ , 

j=l j=0 

where n(x) is the reflection index, i . = —tVt, 1 < 7 < 3, 

w{x) = {wi,W 2 ,W 3 ) is the velocity of the flow, c is the speed of light in the 
vacuum. 

In this paper we shall pay a special attention to the acoustic metric de¬ 
scribing the acoustic waves in a moving fluid flow (cf. [13]). Assuming, for 
the simplicity of notation, that the speed of the sound and the density are 
equal to 1, we have the following Hamiltonian in the polar coordinates (p, <p) 

( 1 - 8 ) H = (^^0 +—^p + 

where 

/ X B ^ 

(1.9) V = —p H- ip 

P P 

is the velocity of the flow, p = (cos p, sin p), p = (—sin p, cos p), i.e. ^p is 
the radial component of v and ^p is the angular component of v. 

This paper studies the phenomenon of superradiance for the spacetimes 
having a black hole and ergosphere. The region between the ergosphere and 
the event horizon is called the ergoregion. We briefly describe the main 
contributions to the superradiance phenomenon. 

On the level of particles this phenomenon was discovered by R. Penrose 

[ 11 ]. 

He proposed the following thought experiment: 

Suppose a particle with an energy eo enters the ergoregion and somehow 
splits into two particles with energies £i and 82 - By the conservation of 
energy + ^ 2 - H may happen inside the ergoregion that 82 < 0. The 
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particle with the negative energy enters the black hole at some time and the 
particle with positive energy travels to the inhnity. Since £2 < 0 we have 
that El = eo — 82 > £ 0 , i-e. the particle leaving the ergoregion has an energy 
larger than Eq- 

This phenomenon is called the extraction of energy from the black hole. 

On the level of the waves, i.e. solutions of the wave equation, Ya. Zel- 
dovich [16] and his then student A. Starobinsky [ 12 ] considered the radial 
component of a single mode of the wave equation after the separation of 
variables. For this radial component they studied the scattering on the real 
line and found that the outgoing energy flux may be larger than the incoming 
energy flux. This is the superradiance on the level of modes. Finster, Kam- 
ran, Smoller and Yau [7] gave a far reaching generalization of the result of 
[12] to the level of wave packets. They constructed a solution of the Cauchy 
problem for the wave equation with the initial data far from the ergosphere 
such that the restriction of the energy to the complement of a neighborhood 
of the black hole has the limit when xq —)■ +cxo larger than the energy of the 
initial data. Recently, Dafermas, Rodnianski and Shlyapentoch [2] under¬ 
took a comprehensive study of the time-dependent scattering theory in the 
case of the Kerr metric. As a by-product of this theory they obtained the 
superradiance phenomenon. A comprehensive survey of the results on the 
superradiance is given in a recent book by Brito, Cardoso and Pani [1]. 

Our approach to the superradiance phenomenon is in the spirit of the 
Penrose approach. 

In §2 we consider the Cauchy problem for the wave equation with highly 
oscillatory initial data containing a large parameter k and supported in a 
small neighborhood Uq of some point Pq in the ergoregion. The highly oscil¬ 
latory initial data allow to construct a geometric optics type solution u{xo, x) 
of the Cauchy problem concentrated in a neighborhood of two null-geodesics 
7 + and 7 _ starting at the point Pq. In §3 we get that the energy integral 
Exq{u) is equal to Exq{uq) + Exq{uq) modulo lower order terms in k, where 
Uq and Mq are supported in a neighborhood of 7 + and 7 _, respectively. 

When the neighborhood Uq is contained in the ergoregion we can arrange 
the initial data in Uq such that E^^^Uq) < 0 and therefore E{uq) > Eq{u) for 
large k, i.e. the superradiance takes place. Note that the results of §2 and §3 
can be applied to a general wave equation fl2.7p corresponding to a general 
Lorentzian metric having an ergorigion. In §4 we study the acoustic metric 
with the angular velocity much larger than the radial velocity (see (II.9p ). 
We prove that Uq escapes to the inhnity when xq —)■ -|-cx) and Uq crosses the 
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event horizon in a finite time. In §5 we study the acoustic metric when the 
angular component of the velocity flow is less than the radial component, i.e. 
|i?| < |y4|. In this case both Uq and Uq cross the event horizon in a finite 
time. 

In §6 we consider the case of a white hole, i.e. ^4 > 0. Note that the 
reversal of the time Xq to —Xq transforms the black hole into a white hole. 
Therefore, if we consider the Cauchy problem with the same initial data on 
(—cxo, 0 ] instead of [ 0 , +oo) we get that Uq tends to infinity when xq ^ —oo 
and Mq approaches the event horizon when xq —>■ — cxo. 

In §7 we consider the case of the Kerr metric assuming that the initial 
point Pq and the two null-geodesics 7 + and 7 _ lie in the equatorial plane. 
This case is similar to the acoustic case when \B\ < |A|. As in §5 we get that 
the superradiance phenomenon is “short-lived” since Uq and Uq disappear 
inside the black hole after a finite time. 

In §8 we study the behaviour of Uq and Uq inside the event horizon and 
we prove that in the case of the Kerr metric both Uq and Uq end on the 
singularity ring. 

Finally, in §9 we study the Kerr metric when = m? (the extremal 
case) and when > rn? (the case of naked singularity). We show that the 
behavior of Uq and Uq does not change significantly even when there is no 
black hole. 


2 Geometric optics type solutions of the Cauchy 
problem 

Consider the system of null-bicharacteristics for the Hamiltonian (II.2p : 


( 2 . 1 ) 

dxa dH dp dH 

^ = %( 0 ) = 0 , - = —, p( 0 )=p. 

dH , ^ , dz dH 


d(p 
ds d^^ 
di, 


-, (/7(0) = (p'. 


ds 


/ N / dfo dH ^ , , 


dH 


diz 


~ a,, — 


ds ds 

Note that = 0 since the metric is stationary. 

OXq ^ 


dH , dia dH 


= 0,.^o(0) = Vo- 
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The bicharacteristic fl2.ip is called the null-bicharacteristic if for any s e M 


(2.2) H{p{s), p{s), z{s),Co{s),^p{s),^^{s),C,{s)) 

= eo-i-i + K{-Co + b-iY = o 


along the bicharacteristic. Since the metric is stationary, to have fl2.2p for all 
s it is enough to have 

(2.3) V 0 -V-V + K{p', z'){-po + 6(p', ip', z!) ■ T)f = 0, 

where f) = {pp, y,Pz)- 

Equation fl2.2p is a quadratic equation in 

(2.4) (1 + K)eo - 2K{b ■ Oeo + K{b ■ if - ^ ^ = 0. 

It has two distinct real roots = A^(p, p, z, ^p, ^^), where 


(2.5) 

( 2 . 6 ) 


Ai 


yMWAT 

1 + K 

{i + K)i-i-K{b-if. 


We shall call the null-bicharacteristics corresponding to = A^ the “plus” 

(“minus”) null-bicharacteristics, respectively. The projection of null-bicharacteristic 
on (p, p, 2 :)-space is called null-geodesic. 

Consider the wave equation corresponding to the metric fll.ip : 


(2.7) Ugu{xo,x) 


d 


Uk=o 


g- 




X) 


^ du{xo, x) 
dxk 


= 0 , 


where is the inverse to the metric tensor in fll.ll) . > 0,g{x) = 

(det[p-^^]^ ;.^Q)“h We shall construct geometric optic type solutions with ini¬ 
tial value supported in Uq where Uq is a small neighborhood of some point Pq 
in the ergoregion. Such geometric optics solutions are well-known and can 
be found in many references (see, for example, the book [3], §64). 

Let Xo{p, ‘f, z) be a function with the support in Uq and yo = (po, ‘Po, Zq) 
be the coordinates of Pq. Let y' = (p', p', z') be any point in Uq, and let 

V = {Vp,Vv’,vf- 
Denote by 

(2.8) X = x^{xo,y,p) 
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the solution of fl2.ip when t]^ = , ip', z'^rjp^rj^^riz) (cf. fl2.5l) ). i.e. x = 

x~^{xo,y,t) is a “plus” null-geodesics and x = x~{xo,y,r]) is the “minus” 
null-geodesics. 

Suppose that the Jacobian 

Dx^ 

(2.9) -^{xo,y,v) 

for 0 < Xo < T^, y G Uq, rj is hxed. Then by the inverse function theorem 
y = y^{xo,x,r]) and y^{0,x,r]) = x. The points where = 0 are called 
focal points. Assuming fl2.9p we have following theorem (cf. [3], §64): 

Theorem 2.1. Let k be a large parameter. There exist solutions u^{xo, p, p), z) 
of f[2. ?! ) having the form 

( 2 . 10 ) = Uq + ^v^{xo,p,p,zX), 

where 

( 2 . 11 ) = e*^^*a^(xo, p, p, z, Pp, p,), 

v~^ and its derivatives are uniformly bounded on [0,T=*=], eikonals satisfy 
the eguations 


(2.12) - A±(p, p, z, Sp, S,) =0, 0 < xo < T±, 

= PVp + pri^ + zpz. 

and 

(2.13) a^(p, p, pp, p^, pz) = C^{xq, X, p)xo{y^{xo, x, p)), 


where ^ 0 and bounded, C^(0,x,p) = 1 . 

Moreover, the correction term u^(xo, p, p, z, pp, p^, pz) can be chosen such 
that ^^ = ^ 0 - 1 - satisfies the following initial conditions: 


(2.14) 

(2.15) 


u^\ 

du^ 


xo=0 


dx. 


xo=0 


Xo(p, tp, 

= ikX^ip, p, z, Pp, p^, Pz)xo{p, P, 
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It follows from 02.131) that the support of Og in space is con¬ 

tained in the union of all “plus” (“minus”) null-geodesics starting on the 
support of Xo{Pi Pi ^)- Therefore supp Uq C and supp is contained in 
modulo 0 {\). 

Remark 2.1. 

We will need to consider also the case when either Voi v) or Uoi v) 

vanish at a hnite number of points xp^, 1 < k < r+, a;Q1 < k < r_, i.e. 
when the focal points are present. There is a generalization of geometric op¬ 
tics construction (I2.1ip belonging to Maslov (cf [10], see also [3], §66), that 
allows to construct solutions depending on a large parameter k, solving 
initial value problem fl2.14p . fl2.15p for the equation fl2.7p on arbitrary large 
interval [0, Tj. In the neighborhood of the focal point + \v'^, where 

Uq has a more complicate form than fl2.11|) (see [10] and [3], §66 for details). 
However outside of the neighborhoods of focal points can again be repre¬ 
sented in a form fl2.1ip . It follows from the construction that suppM"*" C W~^ 
modulo terms of order O(^) and supp u~ C W~ modulo O(^) as in the case 
of the absence of focal points. 

Let 

(2.16) u = u'^ + u~. 

Then u is an exact solution of (12.7p satisfying the initial conditions 

(2.17) u\ =u+\ , + n-| = 

^ ^ 1x0=0 1x0=0 1x0=0 ’ 


(2.18) 


du 

dxo 


a;o=0 


ik{X+ + 


3 Conservation of energy integrals 


If u{xo,x) is the solution of (12.7p with some initial conditions and u{xo,x) 
has a compact support in x then 


(3.1) 


Exo (’^) 



du{xo, x) 

J h 

dxQ 


- 

j,k=l 




X] 


du du 
dxj dxk 


y/gdx 


is independent of xo- 



























To show this take the derivative of the right hand side of fl3.ip in xq. Using 
that u{xo, x) satishes fl2.7p and integrating by parts we get that -^Ex^iu) = 
0, i.e. E:,^{u) = Eq{u). 

In particnlar, Exf^{u^) = Eq{u^). Using the initial conditions fl2.14p . 
fl2.15p we get 


(3.2) 


Eniu^) = 
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,00 


/dS^\^ 


V dxn 


j,k=l 


,3^ 


dS^ dS^ 

dxj dxk 


xl^/gdx. 


Note that when xq = 0 1 < i < 3, = A=^(p, (p, 2 ;, r]p, r]^, 

Theorem 3.1. Let the metric k=o 9 jk{^)dxjd^k has a nonempty ergore- 
gion 12, i.e. the domain where goo(x) < 0. Let Pq G 12, yo = {po,ifo,Zo) be 
the coordinates of Pq, and Uq is a small neighborhood of Pq containing in 12. 
One always can find rj = (pp, t]z) such that 

A+(2/o,h) > A"(2/o,h) > 0. 


Then, assuming that Uq is small, we have 

-£^xo(w“)<0, Ua;o(n+)>0, 

and 

Exq {u ) ^Xo (^) ^Xo {p ) ^ ^Xo (^) ) 

where u = u'^ + u~. Thus the superradiance takes place. 
Proof: It follows from fl2.12p that 

(3.3) 9“>(S±)^ + = 0. 

j=l i,A:=l 

since H = {fo - A+)(^o - A"). 

Therefore 

(3.4) - Yl 3^P,Si = 9”(SJ.)' + 2E9°''SJ/±. 

j,k=l j=l 


Snbstitnting fl3.4p into 03.21) we get 
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It follows from fl3.3p . analogously to fl2.5p . fl2.6p . that 

3 

(3.6) = ± 

i=i 

where 

(3-7) A. = {iZs^’S^y - s” ^ «’‘S±S± . 

j=l j,k=l 

Note that in the case of metric (II.ip Ai has the form (I2.6p and = 1 + K. 
Therefore considering, for definiteness, the case of metric (II.ip we have 

(3.8) Eo{u+) = J 5'+\/^Xo\/^c?x = J V^ixlpdpd(fdz, 

R3 R3 


(3.9) 


Eo{u ) 



SxoV^lXl^/9dx = 



X ^/A'ixlpdpd(fdz, 


where xq = 0 and 5*^^, have the form (12.51) . (12.6p . Note that Ex^^iu^) = 
Eo{u^). 

Now compute Eq{u~^ + u~). 

It follows from fl2.17p . fl2.18p and fl3.ip that (cf. fl2.4p l 


(3.10) 

Eo{u+ + u-) = y f {{^ + K){X+ + X-fxl-{K{b-fif-fi-f])Axi^pdpdipdz. 

R3 


Since 

(3.11) 


A+ + A" 


2K{b-fi) 
1 + K 
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we have 


(3.12) 


Eo{u'^ + u ) 


e 

2 


/ 


AK‘^(h-r)V - 1 

(1 + K) ~ -vf -V- V)] xlpdpd^dz 



From the other side, 


(3.13) Eq{u^) + Eq{u ) = / (A+a/a)" - a ^/A^)xlpdpd(pdz. 


Since A"*" — A = we are getting that 

EoiW^ + u ) = Eq{u'^) + Eq{u ) 


and thus for any Xq 


+ u ) 


ExqI^U ) -|- ExqI^U ). 


( 3 . 14 ) 


When y = (p', ip', z') is outside of the ergoregion then iF < 1 and 

K(b ■ fiY — fj ■ fj < 0 

for all ?) 7 ^ 0. Therefore A+ and A_ have opposite signs (cf. fl2.4p h 

When po = (Poi Po, ^o) belongs to the ergoregion then K > 1 and one can 
choose fjo = (pp, 77 ^, 772 ) such that 

K(b-fioY -fjo ■ ?7o > 0. 

Thus X'^{yo,Vo) and X~{yo,fio) have the same sign. 
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Without loss of generality we can assume that X+{yo, rjo) > X~{yo, fjo) > 0- 
Otherwise we replace ?7o by —fjQ and use that A’''(|/o, ?7o) = —X~{yo, —Vo)- 
Then Exq{u~) < 0 when suppxo contains in a small neighborhood of 
(po, 2 : 0 ) (see ([M])). □ 

Since + u~) = Exq{u^) + Exq{u~) we have that 

(3.15) E^^{u^) = E^^{u^ +u~) - E^^{u~) > E^^{u'^ + u~) = Eo{u^ + u~). 

Note that suppn^ C (cf. fl2.13p h where W^{W~) is the union of all 
null-geodesics starting at (p, v) where y G supp Xo- Therefore, for any xq one 
can hnd k so large that 

(3.16) + ^~) = Eq{u^ U~). 

We took into account (13.151) and that = 1 -|- (9(b). Therefore 03.161) 

show that the superradiance takes place. Note that the “minus” null-geodesics 
can not leave the ergoregion since = X~{y,v) > 0. It will be shown that 
when Xo > Ti Uq is inside the event horizon. Therefore, outside the event 
horizon = 0(X) for xq large. 

X'aiQ Wo ) ' ^ ^ 

Remark 3.1. The case of real-valued solutions. Since coefficients 
of equation 02.7p are real, the real (and imaginary) part of complex-valued 
solution also satisfies 02.7p . Let = Uq + pg same as in O2.10p . 
Denote by the real part of O2.10p . Since is real-valued we 

have 

(3.17) -l- M^) = 0^0 ‘^os kS^ E o(—\. 

Moreover, 02.14p . 02.15P imply 


(3.18) 


u 


± 

R 


a:o=0 


dxo 


xo=0 


Xo{p, tp, z) cos k{pr]p + + zVz), 

= -kX^{p, p,z,Vr,V^,Vz)Xo{p,V,z) sinfc(ppp -F + zy^). 


Since 03.ip holds for real-valued solutions too and since 03.ip is independent 
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of Xq, we have, as in fl3.2p : 


(3.19) E„(u%} 



as± as± 

dxj dxk 



Therefore, as in fl3.8p . fl3.9p . we get 



1 sin^ k{prjp + ipr]^ + zriz)xlpdpd(fdz > 0, 


(3.21) Eoiu],) = -e / A- 


A i/A^sin^ k{ppp + + zpz)xlpdpd(pdz < 0. 


Since sin^ k{ppp+ippp + zpz) = l — lcos2k{ppp + ipp^ + zpz) and since integrals 
containing cos2k{ppp + + zpz) are decaying fast when k ^ oo we have. 


as in fl3.14p . fl3.15p . fl3.16p . that 


Exoi'^on) > d^xo{u~li + + Ufj.) 


(3.22) 


when k is large. 

Thus superradiance holds also for real-valued solutions. Note that 


Exq(^u) Exq{ur) ~\~ Exq{ui^ 


where u = UR + iui,,UR = lku,ui = ^u. Also Exq{ur) ^ \Exo{u), Ex^iui) ^ 
^Ex^iu) when k ^ oo. 

4 Superradiance in the case of the acoustic 
metric 

Consider in more details the case of the acoustic metric (II.8p (cf. [13], [4], 
[5]). The equation H = 0 (cf. (II.8p ) has two roots 


(4.1) 
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where 


( 4 . 2 ) 


A. = e, + 


The black hole is {p < |A|, A < 0}, and the ergoregion is {|y4| < p < 
\/+ i?2}. We assume, for definiteness, I? > 0. 

We shall find first simple expressions for the differential equations for the 
’’plus” and ’’minus” null-geodesics. Note that 


A 


B \A 


Hip - 2 (^^0 + —ip + 

Hio = 2 (^^0 + —ip + -^iv 
It follows from fl2.ip that in the acoustic case 


P 


‘2ip, 


( 4 . 3 ) 


dp^ ffs. 


A 


& 


(f - 1)«, + + ^) 


A ( (T ± I 


dX(] 


H 


?0 


I A C I 

SO n sp “T o 2 




p '^0 + 7^ + so I 7Sp . p. 


p p- 

Since if = 0, the following quadratic equation for holds: 

,^2 

^ p\ '' p^ / ' V “ p^ 


(4.4) (^^-iYp + 2-(p^ + ^ 


^0+ .2 


"^ep+(eo^ + 


^0. 

-2S<p 


P 


Therefore 

( 4 . 5 ) 

where 


?p = 


■4(7+1?^) ±fAf 


A2 


-1 




= {io + 


p2 

Substituting (14. 5 h in the numerator of (14. 3 h we get 

dp^ 


A2 


+ —-1 


P 


S(/ 


p 


(4.7) 


dx\ 


0 io +'^ir+ p2 ±^l q + Tq 


Bi^ 
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Therefore 


(4.8) 


dp'^ ±\/ dp ±a/ 


dxn 


x/A7 ’ 


dXn 


-%/A7 


In this section we consider the case when the angular velocity is much larger 
than the radial velocity, i.e. B ^ |y4|. The following theorem holds: 

Theorem 4.1. Let 2\A\ < po < y/+ B'^. Choose Pp = = 


-Po 


(4.9) 


1 - 


Po 


■, i.e. m + 


= ^ + (1- 
Po ^ 

2A^ 


n 2 


) = 1. Suppose 


B> 1 + 


Po 


Po 


1 - 


4^2 

'W 


Let = Uq + he the same as in 1(2.11\) . \2.12\) satisfying the initial 
conditions l[ 2 . 14 \j , 1 (2.1,% . 

Then the superradiance takes place, i.e. + u~) for 

large k, suppu^ tends to infinity when xq —)■ +cx), suppu^ crosses the event 
horizon p = \A\ when xq increases. 

Proof: Find hrst the sign of ^ at the initial point {p^, (po), = Vp, ^(p = 


p,p when xq = 0. Since po > 2\A\, pp = Pp = -po-y/l - we have 


(4.10) ^0 


A B 

'fr'^^p ~ fpP'p 
Po Po 


\/~^ — 



1 . 


If (14.91) holds then > 0 and therefore the superradiance will take place. 
Also 


(4.11) 


dp'^ 


dxo 


_ A 

^0=0 Po 


Vp 


= -A + 2M>o. 


". + 71 


Po 


po 


since \Jp‘j, + ^ = 1, Pp = Therefore 


(4.12) 


dp'^ 

dxo 



> 0 for all xo > 0, 
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if we can prove that > 0 for all p > po, (zeros of are called the turning 
points). 

Rewrite equation Af = 0 (cf. f|4.6p i in the form 


(4.13) 

where 


(A2 + 


- Q 

p2 


+ 


+ (^0^=)^ = 0, 


(4.14) 


° Po Po 


Solving the quadratic equation in we get 


(4.15) 


where 


1 -2C^B^^ + e^±y/d 

p2 2(A2 + 


(4.16) h = - 4(A^ + 

= -4Be^^^ + ^^^-4AX(^of- 

Since B is large (cf. (I4.10p . < 0 and has the form fl4.14p . we have 


5 +e^ = 4e. 


2e2,'(r±\2 


Po 




’’ Po 


+ • • • , 


where • • • means nonsignihcant terms. Therefore 
(4.17) y/6 = 2 


Mlf. A\h 


Po 


1-^ ) H- 


Po 




Substituting in (I4.15p and taking into the account that R S> |A| we obtain 

1 _2|By(^|^-^±l)±2^(l-f)* 


(4.18) 


P^ 


2B^a 


+ 


pI b\^. 


± 1 - 


2A^ 

Po 


± 


(i-t) 




Bpo 


+ ••• 
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Note that = po{l - ^)"- 

It follows from fl4.18p that = 0 has turning points < Pi" < Po, 
where solves 


(4.19) 


1 ^ 1 , ^A _ 

ipty pI b\u \ pi ) Bp, 


J = l,2, 


p^ corresponding to the minus sign in fl4.19p and p^ to the plus sign. Anal¬ 
ogously, = 0 has turning points po < ph < P^, where pj solves 


(4.20) 


1 


1 1 



± 


(1 



Bpo 


+ ..., 


J = l,2. 


Therefore A^ > 0 for all p > p^,^ and hence ^ > 0 for all x, > 0. Thus 
■(xo) —>■ -|-oo when x, —>■ -|-cx). 

Note that ^ 


dxQ la;o=0 


- 

PO 


+ 


Vp 


11 % 


= < 0 . 

PO 


Thus A 2 > 0 for p < p^ . We have that 


(4.21) 


dp 

dxn 


VK 

\/Ai 


< 0 for Xo > 0, 


and p (xo) crosses the event horizon when xq increases. Let 
(4.22) + ^v^{xo, p, (p, k) 

be the solutions fl2.10p . fl2.1ip in the case of the acoustic metric and let 
Exo{u^) be the corresponding energy integrals (cf. fl3.8p . fl3.9p L 

When the condition fl4.9p holds then p^(xo) -l-oo if xq -|-oo. Hence 
supp Mq tends to the inhnity when xq —)■ -|-oo. Also supp u, enters the black 
hole p = |A| when xq increases. As in (I3.16p we have Exq^u,) > Eq{u'^ + u~) 
for large k, i.e. the superradiance takes place. □ 


Remark 4.1. The behavior of Uq and Uq on the time interval 
(-cx),0). 

Consider the behavior of p^(xo) and p“(xo) on the time interval (—cxo,0]. 
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Since < po is the turning point where = 0, we get that p’'“(a:o) 
decreases when xq decreases until it reaches pf at some time Xq^^ < 0. 
Note that the null-geodesics 7 ’'' has a singularity at = p^ since 

■\/= C'y/p+(xo) — Pi for xo > Xq^\ Passing the point Xq^^ we have 


dXQ 


-P= < 0 for Xo < (cf. [4]), i.e. p’'"(xo) turns and starts in- 

creasing when xq < decreasing. Since A^ > 0 on (p]^, -|-cxo) we get that 
p+(xo) —>■ -l-oo when xq —)■ —oo,xo < x^°\ Similarly, for p“(xo) the point 
Pi > po is also the turning point and p“(xo) increases when xq decreases 

/o\ 

until it reaches ph at some time Xg <0. Then p“(xo) turns and starts to 
decrease when xg decreases. When xg —)■ —oo p“(xg) tends to the event 
horizon p = |A| and p“(xg) spirals around the event horizon as Xg —oo 
(cf. [4]). 

Turning points are singularities (focal) points for null-geodesics. When 
the null-geodesics is passing through the focal point one needs the Maslov 
extension of the geometric optics construction as stated in Remark 2.1. Note 
that the turning points p^ and ph are the simplest type of singularities called 
the fold singularities. A detailed geometric optics construction for the case 
of such singularities is presented in [3], Example 66.1. 

Since p’''(xo) —)■ oo when xq —t —oo we have that suppug tends to oo 
when Xo —t —oo. Also suppug tends to the event horizon when xq —oo 
since p“(xg) approaches p = |A| when xg —)■ —oo. 


Remark 4.2. The case of acoustic metric with A = 0 (the case 
of naked singulirity). 

Consider the acoustic metric (na when A = 0. We assume as above 
B > 0,r]^ < 0. The equation of the ergosphere is p = B and there is no 
event horizon, i.e. p = 0 is a “naked” singularity. 

j 71^ 

We choose the initial point pg such that = — -Jf- ~ y > 0- 

Thus 


(4.23) 


- pIH 

Po 


> h 


P* 


It follows from fl4.23p that po < B, i.e po belongs to the ergoregion. 

We choose Pp < 0 small and Pp satishes fl4.2ip and choose p^ such that 


(4.24) 


pI , 2 


= 1 . 
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Then 




B\V^ 

Po 


± 1 . 


We shall show that the superradiance takes place when ^4 = 0 despite the 
absence of the black hole. 

Theorem 4.2. Suppose A = 0, B > 0, po,'r]^,r]p are such that po < B,r]p < 
0, < 0 and U-23{ ), U-24\ ) hold. Let Uq = he the same as in Theo- 

rem \4.1\ with po, Vp, V<p chosen as above and (po is arbitrary. Then Eq{u~) < 0 

\J'rfp+'^ > 0. Thus + u~) for large k, 


Brjy 


since = 

i.e. the superradiance holds. Moreover, Uq escapes to the infinity when 
Xq —)■ +CXD and Uq approach the singularity p = 0 when Xq increases. 


Proof: The equations (14.31) have the form 


(4.25) 


dp {xq) 
dxt) 




^0^ + 




±i/S7’ 


where Ai = .^^ + %. As in fl4.5p . fl4.6p . fl4.8p . we have 


(4.26) 


^f=Uo + 


p2 


/- 

— — 1 C 4 / A+ 

p2’ V “ +V 2 > 


(4.27) 


dp~*~ T 's/ dp ^ \/ A2 


dxn 


\/Ai 


dxn 


—\/Ai 


The turning points, i.e. the solutions of A^ = 0 are the solutions of the 
equations fl4.15p . fl4.16p with A = 0. Therefore (cf. fl4.18l) ) 


1 _ 1 1 

p2 pI ^ B\p, 


± 




Bpo 


Note that \p^\ = po(l < Po- 

Hence, as in fl4.2ip . 04.221) . A^ = 0 for p^ < Pi" < Po and A^ = 0 
for Po < p7 < P 2 • At the point Xq = 0 we have ^ = —pp > 0 and 

^7 r . r. dp~ _ \/A^ 


£ = ^ < 0- Therefore ^ ^ for xq > 0, ^ for xq > 0 
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Since > 0 on [po, +00) we have that p'^{xq) —)• 00 when xq +cx). Also 
since A2 > 0 for p < po we have that p~{xq) —?• 0 when xq increases. 

It follows from fl4.26p that A^ ~ Ai ~ Therefore ~ —1 

when p —)■ 0, i.e. p“(xo) reaches 0 in a hnite time when xq increases. Note 


that 


dip 

dp 


+ ( 4 " + 


^2 







Hence p ^ 00 when p —)■ 0. Therefore 7_ approaches p = 0 spiraling when 
p —y 0. 

Let = Mq + be the same as in Theorem 14.11 with poAv^Ap 

fl4.23p . fl4.24p . Since ~ + ^ > 0 we have that Eq{u~) < 0 

and Exq{uq) > Eq{u'^ + u~) for large k as in §3, i.e. the superradiance take 
place. Since p^(xo) —>■ 00 when xq a- +cx) we have that Uq escapes to the 
inhnity when xq A +cxo. Also since p~{xo) —?■ 0 spiraling when xq increases, 
we have that Uq approaches the singularity p = 0 when xq increases. □ 


Remark 4.3. Behavior of Uq and Uq on the time interval (—cxo,0] in 
the case of naked singularity. 

As in Remark 4.1 we can study hrst the behavior of p^(xo) and p~{xo) when 
Xq E (— cx),0]. We get as in Remark 4.1 that p'^{xq) decays on [xq^^O] where 
< 0. is the turning point, i.e. p +( xq ^^) = pf. Then p’''(xo) increasing 
for Xq < Xq°^ and tends to +00 when xq A —00. Analogously, p“(xo) in¬ 
creases on [ xq ^\ o ] where p~{x^^) = p~[ is the turning point and then p“(xo) 
decreases for xq < Xg^^ when xq decreases. Note that the equation of p“(xo) 

for xo < Xo°^ is ^ Therefore ^ ~ -|-1 when p —)■ 0 and p“(xo) 

reaches 0 in a hnite time when xq decreases. Also ^ = 0(^)- Thus (p —>■ 00 
when p —)■ 0, i.e. p“(xo) is approaching 0 spiraling. 

Since the null-geodesics 7+ and 7_ are passing through the turning points 
pf and Pi, respectively, we need the Remark 2.1 to construct the solutions 
Uq and Uq near turning points. Since p^(xo) —)■ -|-cxo when xq —)■ —cxo we 
get that Uq escapes to the inhnity when xq —)■ —00. Also Uq approaches the 
singularity p = 0 when xq decreases since p“(xo) —)■ 0 when xq decreases. 
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5 The acoustic metric when \B 1<I^I 

Let 1^41 < po < -s/+ B'^, ^4 < 0,1? > 0, i.e. (po)V^) belongs to the ergore- 
gion. Suppose 


(5.1) 

If {r]p,ri^) are such that 


B<\A\. 


(5.2) 


A- = 


then pp > 0. Indeed, 


po pI \ ^ pI 


\Bp^\ ^ B \r]^ 


pI 


and rjp must be positive. 


1^1 Po 


< 




Theorem 5.1. Suppose 0 < i? < |v4|. Choose Pp = —,p,p = —B. Let 


PO 


= Uq + he the same as in Theorem \4-l\ with the choice of \A\ < po < 
A^S- B'^,pp = -B. Then Eq{uq) < 0,E^^{u^) > Eo(m+ + m") for 

large k, i.e. the superradiance takes place. Moreover Uq and Uq cross the 
event horizon in a finite time. Therefore the superradiance is “short-lived” 
outside the event horizon. 


Proof: We have 


(5.3) 


_ A^ B'^ 

^ ~ ^ ^ -2 

Po Po 



since PqKA^ + B"^. It follows from fl5.3p that the superradiance takes place. 
As in fl4.8D we have 


dp'^ ±^/ A2 dp ±a/ A2 

dxo ^/A4 ’ dxo —\AA4 ’ 

where p^{xo) are the same as in (14.3p . Ai and are the same as in (14.2p . 

dH). 
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We shall show that if flS.ip holds then > 0 for all p > |A|, i.e. p'^{xq) 
has no turning points. We get from fl4.16p . with = —B and as in 05.31) 
that 


5 = 45^^+ + B ^- 4^4^52(^+)2 = 5^(452^+ + 


The roots of the quadratic equation B‘^+ABH—AA^B = 0 are t = . 

The largest root ti = b'^+v'b^+a ^^ ^ a^+va^+a ^a^ ^ From other side 

_ a'^+b^ _|_ ^ a^+b"^ > 1 + 1 = 2 > . Thus > ti and conse¬ 

quently h < 0. Therefore > 0 for all p, i.e. p’'“(a:o) has no turning points. 
Consider when xq = 0. We have 


(5.4) 


dp'^ |A| 

dXQ xo=0 po 


M 

PO 


y42 , 52 

— T" ~r —T 
Po Po 


< 0 . 


Therefore p'^(xq) decreases until it reaches the event horizon. The solution 
p~{xo) can not leave the ergoregion since A“ < 0 outside of the ergoregion 
and it always hits the event horizon in hnite time. In the all cases of the 
acoustic metric p~{xo) increases from —00 to some point x^q^ where it reaches 
the turning point p_ inside the ergoregion. For xq > xy it decreases until 
it reaches the event horizon (cf. [4]). Thus Uq and Uq also reach the event 
horizon in hnite time. 

Therefore there is a superradiance when B < \A\ but it is “short-lived” 
since both Uq and Uq disappear inside the black hole after a hnite time. 


6 The superradiance in the case of white hole 

Consider the acoustic metric fll.Sp when A > 0. Then p = A will be a white 
hole (cf [13]). Note that the change in the sign of B has no ehect whether 
there is a black or white hole. From the other side the change of the sign of 
both A and B is equivalent to the change of the sign of ^0 in (EH]), i-e. to the 
reversal of the time from xo to —xq. Therefore the study of the superradiance 
for the case of the white hole is equivalent to the study of the superradiance 
for the black hole on the time interval (—oo,0]. 

Theorem 6.1. Consider the acoustic metric with A > 0. Then p = A 
is a white hole. Let are the same as in h2.1(^) - T2.15^) . When 
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the point (po, Vo) is inside the ergoregion, A < < \/+ B‘^ one can choose 

{Pp,p<p) such that the superradiance takes place (cf. ^3), suppu^ tends to the 
infinity when Xq —)■ +oo and suppu^ tends to the event horizon spiraling 
when Xq +oo. 

Proof: Instead of giving a direct proof of Theorem 16. II we change Xq to 
—Xq, i.e. we consider the case of black hole on (—cx),0]. 

It was shown in §5 that p'^{xq) with the initial data p’'"(0) = po has no 
turning points. Therefore since fl5.4p holds and > 0 we have p’'"(xo) —)■ 
+CX 0 when xq —)■ —cxo. Also in the case when fld.lOp holds we have that p^(xo) 
with the initial data p’''(0) = po has a turning point p^ < po- Therefore 
p+(xo) decreases when xq decreases until it reaches the turning point p = P'1. 
After this p’''(xo) Tcxo when xq —oo. Therefore in both cases when 
either (Id.lOp or (15.ip are satished p^(xo) —)■ +C)0 when xq —)■ —oo. Thus the 
support of corresponding Mq tends to the inhnity when xq —)■ —oo. In both 
§4 and §5 p“(xo) approaches the event horizon spiraling when xq —)■ —oo and 
therefore supp Mq also approaches the event horizon. 

Changing back xq to —xq we prove Theorem 16.11 


7 The case of the Kerr metric 


In this section we consider the superradiance for the case of the Kerr metric 
(n, (lEi. Note that bz = = 0 when z = 0. Therefore we have from fl2.1l) 

that z = 0 implies 

dz ^ 

(7.1) ^ 

and therefore = 0. 

Therefore if the initial point Po = (po,<po,0) is in the equatorial plane 
z = 0 and if (^2 = 0 then the bicharacteristic system fl2.ip is reduced to the 
bicharacteristic system for the Hamiltonian 

(7.2) Hip, ip, 0, 0) = eo+ + bpCp + = 0, 

and the null-geodesics lie in the plane z = 0. 

As in (^, dM]) 


(7.3) 


A^(po,h') 


Kb' ■ r! ± VA7 
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and 


Ai = 

where z = 0, b' = {bp, b^), 
We will take point j/o 
{r}p, j^r]p) snch that 


-.{l + K)e-C-K{b'-e?, 

V' = iVp, y), yo = (poyo,0). 

= (poyo,0) in the ergoregion and choose rj' = 

>^~{yo,v') > 0 - 


It follows from fll.dp for z = 0 


(7.4) 


bp = 


-a^ 

P 


bp 



2 m 


since p^ = r'^ + when z = 0. 
We choose 


(7.5) 

Note that 

(7.6) 

Since 

(7.7) 
we have 


Vp = bp{yo), Vp = pobp{yo), z = 0. 


a 

Pp Po 

Po 


b'iyo) ■ v' 


bi + bi 


1 , 


(7.8) Ai =(1 + K){p' ■ p') - K{b' ■ p'f = {l + K)-K = 1. 

Therefore 

(7.9) A±(!,„,,') = .|^>0, 

since K > 1 m. the ergoregion. Thus A"*" = 1, A“ = < i. 

Theorem 7.1. Consider the Kerr metric U.l\) . Let be 

the same as in A2.10\) - r2.15\} . Choose initial point yo = {po,ipo,0) in the 
ergoregion. Choose y = bp{yo),Pp = Pobp{yo),Pz = 0,z = 0 (cf. (f77^). 
Thus X~{yo,pp,pp) = > 0. Therefore the superradiance takes place. 

Moreover Uq and Uq disappear inside the outer event horizon in a finite 
time, i.e. the superradiance is “short-lived”. 
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We shall study first the null-bicharacteristic fl2.ip corresponding to the 
root = X'^{yo,r]'), starting at {yo,r]'). We have 

(7.10) ^ =-2{, + 2A'(-y + 6'. eOi-p, /(0) = PO. 

(7.11) -^ = ^ = - 2/£'(-y + 6'. O. io(0) = 0, 

(7.12) ^ = % = + 27i'(-ff + l>' ■ (')j- 

We have (see fl2.5p i 

n rj 

(7.13) ^ ^ ^ 

where Ai is the same as in fl2.6p for 2: = 0, = 0. 

Also we have 

(7.14) J- = -2Cp+2K\(-^++b'-a = 2(/«J-l)e,+2/rtJ-C++V^). 

Oqp \ p / 


Write fl7.2p as the quadratic equation for ^p-. 

(7.15) 

(Kbi - i)e, +2A-( - + b,,^yA +a( -«++V 7 ) A (y t - f=°- 


Therefore 


(7.16) 


-Kbr 


^P = 


^0 + K^-^) ± 


Kbl-l 


where 

(7.17) 

At=KX(-^^ + b, 


=K 


P 

7 \ 2 
s<* 




{-ii+Kf) -{KX-i){{ar-y). 


K{ -iS + K 

A 
p" 


7 N 2 

) 

p 


+ - 


So? 


It follows from fl7.9p . that fl7.17p simplihes to 


(7.18) 


A+ = 
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Substituting 07.161) into 07.141) we get 


(7.19) 

Therefore 


dH 

dip 


±2 



(7.20) 


dxo % 


Thus p = p'^{xo) is either increasing or decreasing depending on the sign 

of If- 

dip 

It is enough to check the sign of at the initial point xq = 0. 

Having pp, as in 07.5p we get 

(7.21) —— = —2bp{yo) + 2Kbp( — A’'" + bpPp + b,p—'\. 

oKp ^ Po ^ 

It follows from fTT^ 


dH 

dip 


iyo,v) 


-2bp{yo) < 0 , 


since —A+ + 6^ + 6^ = 0. 

Therefore, ^ < 0 for all xq and p = p'^{xo) will decay when xq increases 
and will approach the outer event horizon. 

Consider now the “minus” null-geodesics starting at {yQ,p'). We have as 

before = ±-^5 where is the same as with = 1 replaced by 
f- = Hzl 

To determine the sign of ^ consider the initial point yQ = (po, PO) 0), p' = 
{bp,PoK)- ^0 If = -2-^/^ and 

(7.22) ^ = -2pp + 2Kbp{-X- + b' ■ p') = -2bp + > 0. 

dip 1 + K 

Since |^ < 0, |^ > 0 we get that 


(7.23) 


dp ^ < 0 

dXo y/K[ 
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Therefore p~{xq) also approaches the event horizon when xq increases. 

Consider the behavior of p'^{xq) and p~{xq) when they approach the outer 
event horizon r = r+ where r = y/w? — a?. Note that 


I-Khl = I- 


p 

— 2mr (r — r+)(r — r_) 


2m / r 
r V\/r2 + 






i.e. 1 — KlP'p = 0 when r = r+. We have ~ X( — 1 + when r —)• r+. 
Note that fl7.16p can be rewritten in the form = ±2\/A^. 

Since < 0 for p’''(xo) at xq = 0 (cf. (17.211) ) we take — in fl7.16p . 
Therefore when p —)• p+ = \/a? + r\ we have canceling of y/Kbp — 1: 


(7.24) 


-Kbp{-1 + ^)-^ 

Kbl-l 

{^bp-l){^hp + l) ^/Kbp + 1 


Therefore has a hnite nonzero limit when r —)■ r. and therefore has 
nonzero limit when r —)■ r+. Hence p’''(xo) crosses the event horizon when 
Xq increases. Also Hp > 0 for p“(xo) at Xq = 0 (see fl7.22p b Therefore 
we have +y^A^ in (17.161) for p“(xo). Note that = 2 m+r°o ''^^ere 

ro = VPo - > ^+- Since when r+ < tq < 2m and 

we get that + ^ > 0 when p = y/a^ + . When 

p -)■ we have 


(7.25) 

_ -hM -+ yy 

Kbl - 1 


-i^&p(-eo■ + ^) + ^/^(-eo- + S) 

7^62 _i 


Canceling —^/Kbp + l we get that has a finite nonzero limit when r ^ r+. 
Therefore as in the case of p’''(xo) we have that p“(xo) crosses the outer event 
horizon when xq increases. Since p’''(xo) and p“(xo) cross the event horizon 
in a finite time we get that and also cross the outer event horizon in 
a hnite time. Thus the superradiance for the Kerr metric is short-lived as in 
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: 5 . 


□ 


Remark 7.1. The behavior of Uq and Uq on (—oo,0]. 

Consider the behavior of p~{xq) for xq < 0. Note that p~{xq) has a turning 
point p*,po < P* < \/aM-4r^, A 2 (p*) = 0 because A^(po) > 0 (cf. fl7.22p i 
and A 2 < 0 when p = \/ Aim? + a? where p = p is the ergosphere. Indeed, 
A = 1 on the ergosphere and 


(7.26) 


^2 - ( - ^0 + ^) + (1 - ^p) ((^0 f - - (^0 f ~ 2^0 ^ + (4 ) 

Thus 


-\ 2 ' 


p^ 


2!^2 -‘^0(1 + ^ 


^0 


2a" 


Ath? + 


We have 


4' = 


2m — To 2m — r+ m — \/ m? — a? 


< 


< 


< 


2a^ 


2m + ro 2m + r+ 3m + \/m2 - dm^ - a? Am? + d 


since a < m. Hence Ag < 0 on the ergosphere. 

Note that p~{xo) increases when xq decreases from 0 to x^\ i.e. p“(a;o^^) 
is the turning point. Then the sign of \/ A^ changes, i.e. we change +a/A^ 
to in (I7.16h and the equation for p“(a:o) becomes 


(7.27) 


dp ^ 
dxo 


for Xq < Xq^\ 


When r —)■ r+ we get A 


-2K(-^g +^) 


-. Therefore 

r—r+ 


(7.28) Ar = (1 + A-)((5;)= + ^) - + d) 


r+)= 


when r ^ r+, or p —)■ p+ = + a^. Therefore 


dp 

dxo 


< c'Ip- d+ 

28 


(7.29) 

























Hence In |p — /5+| < Cxq + Ci, and 

0 < p - p+ < 


Thus p ^ when Xq —)• — cxo. It follows from 07.121) that 



Therefore p —)■ oo when p —)■ /)+. Thus the null-geodesics 7 _ approaches the 
event horizon p = p+ spiraling when xq —oo. Note that p'^{xo) —)■ oo 



when Xq —)■ —cxD since A 2 = ^ > 0 for all p > a and ^ 


< 0 . 


Remark 7.2. 

The case of the white Kerr hole arises when the time direction is reversed 
(cf. § 6 ). It is equivalent to studying the black Kerr hole on (—oo,0]. This 
study was done in Remark 7.1. 

Thus we have that supptto tends to inhnity when xq —>■ — 00 . Since 7 _ 
spirals approaching p = p+ when xq — 00 , we have that suppug also 
approaches p = p+ when xq —)■ — 00 . 

8 The behavior of solutions inside the Kerr 
outer horizon 

8.1 The case of null-geodesics in the equatorial plane 

Consider what happens with the “plus” and “minus” null-geodesics 7 + and 
7 _ after they cross the outer event horizon r+ = m -|- — a?. 

Theorem 8.1. After crossing the outer event horizon both null-geodesics y"*" 
and 7 “ cross also the inner event horizon and end on the singularity ring 
p = a at a finite time (see Fig. 1). 

Consider hrst the case of the “plus” null-geodesics. We have, as in §7: 


( 8 . 1 ) 


dp'^{xo) ^ a/A^ 
dxo 
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Figure 1: The case a < m. 

Null-geodesics 7 + starts at Pq and reaches p = a at a finite time > 0. 
When xq —)■ —00 7 + tends to infinity. Null-geodesics 7 _ starts at Pg and 
reaches p = a at finite time Xg >0. When xg < 0 7 _ passes a turning 
point and then spirals, approaching the outer event horizon. 
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where Ah = - 


, 2_„2 


r? 1 


(8.2) A+ = (1 + A')((^;)" + S) _ K{h,i* + V^) . 

Since ^ 0,A]^ 7 ^ 0 we get from fIS.ip that p^(xo) decreases when xq 
increases. After 7 + cross the outer event horizon it crosses also the inner 
event horizon since (I7.24p holds near r = tq. Then it is approaching the ring 
singularity {p — a)^ + = 0 

We shall study the behavior of 7 + near the ring singularity, i.e. when 
z = 0, p is close to a, p > a. It follows from fl7.16p that 


2m 


(8.3) 


Hence 


C+ ^ \/^ 

Sp 


\/p^ 


-1 + 7 ) + 




2m ^\/p^-a^\2 


\/p^-c 


/ VP'-Q' y 
r \ p ) 


(8.4) A+= (l + -|^)(l+ 0(7-a=))--7^(1 +0(/-a=)) 


l + 0(Vp2-a2). 


Thus ^ — —C'Vp — a. Therefore 


(8.5) 


dp 


< —Cdxn. 


^/p- a 

Integrating (18.5p from xq to t, where xq < t, p^(t) — a > 0, we get 
(8.6) 2v^p+(f) - t- 2v^p+(xo) - a < -C(t - Xq). 

Increasing t further we get fo such that p’'"(to) — a = 0, i.e. p^(xo) reaches 

p = CL 8jt Xq = ^Q. 

Note that (cf. fl7.12p 


('8 7 ) ^ ^ + 2K{ + bp^+ + ^ ^ C{p) 

dp ±yA+ (p2-a2)i 
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where C{p) ^ 0. Hence lpq when p ^ a. Therefore the “plus” 

null-geodesics 7 + ends at the point (a, (po) of the singularity ring at some 
time to- 

Now consider the case of “minus” null-geodesics 7 _. It also crosses the 
inner event horizon when xq increases since fl7.25p holds. Note that 0 < = 

A“ < 1 (cf. fl7.9p h We have (cf. fl7.17p l 


(8.8) A,- = k { - + dy _ (a 7 - 1)((5-)^ - d) 


2m 




(“^0 + 1) + 


p2 _ ^ 2 


2m 


_ q2 V p 

dd^i^(i + o( 77 ^)). 

y 




Also we have (cf. fl7.16p 


(8.9) C = 

Hence (cf. fl8.2l) 


—Kbp[ — + ^) + 


+ 0 ( 1 ). 


( 8 . 10 ) 
Ar = 



2m 


\ 2m ( Jp^ — \ 2 

(2m)^(l - ^Q-)^ / 1 A 

p^ -a^ V ^p2 _ ^2 7 ■ 


It follows from fl7.22p and fl 8 . 8 p . (18.1 Op that 


( 8 . 11 ) 


dp ^ C,(p 2 -a 2 ) y ,1 

—— —- - - <- - < —GAp — a)4 

<^ 3^0 02 ( p ^ — a ^)“2 


i.e. 


{p — a) ddp < —Cidxo- 


Analogously to (18.6p . integrating from xq to H, H > Xq, p (ti) — a > 0, we 
get that there exists such that p~{t^^^) — a = 0 , i.e. 7 _ also ends on p = a. 
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8.2 Behavior of Uq and Uq inside the outer horizon 

Note that Pq = {pQ,(po,0) and the null-geodesics 7-, 7 + starting at Pq are 
lying in the equatorial plane z = 0, but Uq is a neighborhood of Pq in (p, <p, z) 
space. Therefore the null-geodesics starting on supp xo are lying not only in 
the equatorial plane and the solutions constructed in §2 are the solutions 
of the equation 02.71) in the three-dimensional space. 

Theorem 8.2. Both Uq and Uq cross the outer and the inner horizons and 
both end on the singularity ring {p — a)"^ + z"^ = 0. 

Proof: To prove this we shall show that all “plus” and “minus” null- 
geodesics starting on supp xo will end on (p — a)^ + z"^ = 0. Thus we need to 
estimate the behavior of null-geodesics in starting on supp xo and this is 
more difficult than the estimates for the null-geodesics lying in the equatorial 
plane. 

We shall start with and will describe the behavior of plus null-geodesics 
7 +^ starting on supp Xo and close to ^ i.e. 7 +^ is the projecion on (p, p, z) 
of the null-bicharacteristic, with the initial data {p',(p', z',rip,ri^p,riz) where 
(p'j p', z') are cloze to (po, po, 0) and (pp, pz) are the same as for 7 +. Note 
that z' is small but not equal to zero. Suppose, for the dehniteness, that 
z' > 0. 

We have the same formulas as in §7 and §8.1, with the variables z^^z 
added: 

(8 12 ) ^ 

dxo a/A^’ dxo a/A^’ 

where 

(8.13) AJ = (1 + K) (fj + C + p) - + hi. + 

Now A = where r is dehned as in fll.Sp . Also 

(8.14) AJ = A'(-ff + hi. + - (Kbl - 1 ) ((?„+)2 - e. - S), 

(8.15) A 3 + = A(-?„+ + b,i, + V^)= + (Kbl - !)((&+)" - ■ 
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Near the singularity ring (p — u)^ + 2 ^ — 0 we have from II I till 

( 8 - 16 ) ^_ 

C[{{\p-a\-^\z\) < Ci^J{p - aY + z‘^ < < C'2\/(p- a)^ + z2 < C2{\p-a\ + \z\), 

i.e. r ~ (Ip — a| + |z |)2 where a ^ jS means Cij3 < a < (72/3. 

Therefore from fll.4p and fl8.16p we get 


(8.17) 


K 


(|p-a| + |z|)i 


{\p-a\ + \z\Y + a?z‘^ (|p-a| + 1 ^ 1)2 


(8-18) ^ 

— = - ~ 1, K = 

p p 


n I I iti , -2 ^ 

(|p-a| + |z|) 2 , h^ = -r^- -^-—T 

^ (|p-a| + |z|)2 


ap 


r2 _|_ q2 


1 b ^ = 
P 


r2 _|_ g2 


1 — 0{Y)- 


We shall estimate and Yl from above. It folios from (II.2p with if = 0 that 

(8-19) ^1 ++ — Yo +(^ 0 ")^“ 


So? 


p 


Therefore 


+ ^2 < — ^ 0 " + b^- + bz^z ] + 2i7 


~ ^o" + —h bz^z 


bp\Cp\ 


+ Kbl\Q^+P^ 


Kb‘^„ 


Using the identity 2cd = + ^ — {sc — and choosing d = 

\^bp\ip\, c = \fK\ - + b^-^ + bziz\, we get 

(8.20) < 


2 2 , 




ey/K\ — i^o" fr ^ 


Canceling |,^p| in fl8.20p we get 


\/K 2 

^bpYp\ 


(8.21) ijy < ’ 
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where 


( 8 . 22 ) l, = \e^\-^+ + b^- + b,C,\-^b,\^,\\, e^- 

P ^ 


l-Kbl' 


Using (I8.2ip we have 
(8.23) 

A+ = - ^ 0 + + + (1 - Kh 

— a? 


, 2 ,/p 2 -a 2 2 


P >\ p 2 


-Cl 


+ (1 - KIP, 


= (1 - Kbl)ll > II 




2 2 
- + A 

p 2 


Analogously we have, changing bp to bz and |^p| to 
(8.24) A 3 + > (1 - Kbl)li > II 

where 


(8.25) 


I2 — jeiV^I — Co" + K —I” ^pCp\ -I'^zl|) 

p 


where e, = 

Now estimate A)*". We have 


J .9 ^ 

+ H- 

P pZ 


K 


(ypCp A bzCz A bp 


At = 

It follows from fl8.19p that 

(8.26) < 2k( - ^ 0 + + bp^y + 2K{bp^p + 6.6)' + 

< 2 A:f-i + 


V. 




2 , P -« 


p" 


r 2 + 


+ 2 A-( 6 ; + 6 ;)(g + 5 j) + 


P 


Since 6 ^ + 6 ^ = 1 - 6 ^ = 1 - = 0{r‘^) we get from (18.171) . (18.181) 


(8.27) e, + il < (l-2/f(6j + 4S)-‘(d^ + CTi) < Ci( 


P' ~ ^.3 

p 2 
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where 


(8.28) 


S = Ip — a| + | 2 ;|. 


Since — Kb‘^^ = 0{6^, we get, using (I8.27p 

(8.29) 1-C6^ < A+<1 + C6^. 

We will need also the estimate of from below. It follows from fl8.19p . 

using the inequality of the form (c + d)^ > y — that 


2 , 


+ '^2 > y (^ - ^o" + - K{bp^p + bz^zY + 

K f ^, , a 

>y(-y+v- 


> 2\/,-2 , p 2 \ , — 0? 


m+bi){ep+e2) + 


p" 


a^2 , p^ — 

p 2 


Therefore 

(8.30) + ^2 ^ + ir(f)p + 6^)j {y2^~ ^ 

Using fl8.17p . (18.1811 we got 

(8.31) Yl + e.>C{\p-a\+5i)>C5i. 

Let (p', p', z', Pp, Pip, pz) be the initial data for the null-bicharacteristic 
system (12.ip . Assuming that there are no focal points, there is a one-to-one 
correspondence between (p(xo), ^(xo)) and {p',z'). Therefore z{xo) > 0 if 
z(0) = z' > 0. Hence we shall write 5(xo) = p(xo) — a + z(xo) instead of 
5 = |p(xo) — a| -|- |z| since z(xo) > 0 and p(xo) — a > 0. 

We have from flRT^ . flO^ . (lOTll . (lO^ that 


(8.32) 


dS dp dz 

dYYo^ dYY^ YbYo 






< —C{Ii + h), 


where 6 = p — a + z. 

Note that (cf. fl8.17p . fl8.18p i 


(8.33) Ji = 


K2bpK2 


a 


{l-Kbl)-2 


Co 


VK{l-Kbl)hpYp 


VK\bp 


>\l-KblY\Cp\-Ci6>CYp\-C,6. 
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Analogously 


(8.34) /2>qe.l-« 

Using the estimate 08.311) we get 

dS 3 3 

(8.35) — < -C'(Ji + / 2 ) < -C'(|^p| + |e,| + C'35) < -C6-^+Ci6<-C2S-^. 

dxQ 

As in 08.6p we conclude from 08.351) that S{to) = 0 for some to. Therefore all 
null-geodesics 7 +^ end on the singularity ring (p — a)^ -\r = t). 

Now we shall study the behavior of null-geodesics close to 7 “ inside 
the outer event horizon. Note that the case of 7 “ null-geodesics differ from 
the case of 7 + null-geodesics only by ^(7 = replacing = 1. Here Kq 

is the K = at the initial point (po, 9 ?OjO). In particular, instead of 

08.23p . 08.241) we have 

(8.36) Ag A ^ 3 , A 3 >/ 4 , 


where 


(8.37) h= e\fK\-+h^-+ ^ 

P ^ 


h = 


a \/~K 

eiVK\ - Co + b^- + bpCp\ - ^\b.\ le. 

P £1 


) ‘^1 


£1 = 


l-Kb^' 

Kbl 

1-Kbt 


Estimate 08.27P takes the form 
(8.38) C" + g<CA-(-^,- + 




+ ^1 ~ 'Co “I —^1 A ^ ■ 

pz 


The estimate of Cp + Cz from below have the form (cf. 08.30p i 


(8.39) 


9 9 c 

Cp + Cz ^ 71 • 

02 


Combining 08.38P and 08.39P we get instead of 08.29P 
(8.40) < A 7 < 
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Therefore it follows from fl8.32p . fl8.4UI) 


(8.41) 


d6 dp dz ^ C{I^ + 14 ) 

dxo dxo dxo ~ 


We have similarly to fl8.33p 


(8.42) h>C\Q-Ci, h>C%\-Ci. 

Therefore 

1C 

(8.43) — < -C6 "^{\ip\ + le.l - (Ti) < = -ChT 

dxQ 

From (I8.43j) analogously to (18.111) we get that 5 = p~ — a + z~ vanish at the 
singularity ring. Therefore all null-geodesics end on the singularity ring 
(see Fig. 1). 

Hence both Uq and Uq end on the singularity ring at a hnite time. 


9 The superradiance in the case of extremal 
(a^ = m^) Kerr metric and naked singular¬ 
ity (a^ > m^) Kerr matric 


In both cases the construction of the solutions and u~ remains the same 
and we only indicate the difference in the behavior of the null-geodesics 7 + 
and 7 _. 

In the case of extremal metric we have r_|_ = r_ = m, i.e the 

outer and the inner horizons coincide. As in the case a < m p'^{xo) and 
p~{xo) cross the event horizon when xo increases. 

Consider the behavior of p~{xo) when xq decreases. Note that Kb^p — 1 = 
0((r — r+)^) and therefore (cf. 07.271) 1: 


p (r —r_|_) 2 ’ 
Therefore \/~ (r-l+p similarly to (I7.29p . 


(9.2) 


dp 

dxo 


< C'o(p-p+)^ 


Cq > 0 , 
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where p+ = 

Hence < Co{xo + Ci), or 0 < p-{xo) - p+ < _cp(j„+c^) • Thus 

P~{xq) —)■ /9+ when xq — oo. Therefore the difference with nonextremal 
case a < m is that p“(a:o) — p+ decays as O(^) in the extremal case and 
P~(xo) — p+ decays exponentially in the nonextremal case. 

Consider the case when > m?. Then the outer and the inner event 
horizons disappear and this case is called the case of naked singularity. Note 
that the ergoregion is a < p < \/Aw? + a^. 

Theorem 9.1. In the case a? > m?, i. e. in the case of the naked singularity, 
the null-geodesics 7 + starts at a point Pq inside ergosphere and reaches the 
singularity ring p = a at some finite time Xq^^ > 0. When xq < 0 7 + tends 
to the infinity when xq — 00 . The null-geodesics 7 “ also starts at Pq and 
ends at the ring singularity at a finite time Xq >0. When xq < 0 7 “ first 
reaches a turning point p* at x* <t) when xq decreases and then it turns and 
approaches the singularity at some finite time Xq^^ < Xq fsee Fig. 2). 


Proof: Consider the behavior of p (xq) when xq < 0. As in fl7.26p we can 


prove that there exists a turning point p* where a < po < p* < V4m^ + a? 



we have Then § 7 ^ < ’w^^n a > m and this proves that 


A 2 {'/^rn?~+~a?) < 0 (cf. (17.261) ). Therefore there exists a turning point p* 

^o'\ /o\ ^o'\ 

where = 0. Let Xg < 0 be such that p(xo = p^. When xg < Xg 

the equation for p“(xg) has the form (cf. fl7.27p L Note that 

1 — Kb p = +° . Therefore when a? — m? is small and r is 

close to m we have 


(9.3) 
Hence 

(9.4) 





d<p 

dp 




is large when a? — w? is small and r is close to m (cf. fl7.29p L Therefore 7 “ 
makes several rounds near r = m and the number of these rounds becomes 
larger when — w? becomes smaller. When xg decreases further 7 “ ap¬ 
proaches the singularity p = a. Near p = a we have, using (18.8p and (I8.10p . 
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that (cf. fIS.lip ) 


(9.5) 


dp _ \/^ ^ Co\p-a\ 4 
dxo ^/Af \p — a\~^ 


Co\p 


1 

— ah. 


Similarly to flS.lip we have |(p — 0)4 < CqXq + C. Therefore 


3 4 

( 9 . 6 ) p~{xo) - a<-C{ xq- Xo > xl)‘^\ 

i.e. p{x^q'^) = a. Also |^| < C{p — a)~^. Hence \(p{xq) — (po\ < Co\p — a 

Therefore the null-geodesics 7 “ ends at the point (a, (po) when xq —)■ Xg (see 
Fig. 2). 

The behavior of and 7 “ for xg > 0 and for xg < 0 is the same as 
in the case and the proof is also the same. 
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Figure 2: The case a > m. 

Null-geodesics 7 + starts at Pq and reaches p = a at a hnite time > 0. 
When xq —)■ —00 7 + tends to inhnity. Null-geodesics 7 _ starts at Pq and 
reaches p = a at hnite time Xq >0. When xg < 0 7 _ passes a turning 

/o\ 

point, makes several rounds and reaches p = a at some time Xg <0. 
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